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Electron Transition Current Density in Molecules. 1. Non-Born—Oppenheimer Theory of
Vibronic and Vibrational Transitions
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The one-particle electron transition current density (TCD) for vibronic transitions between pairs of stationary
states in molecules is defined. Expressions for TCD are developed using the complete adiabatic (CA) formalism
in which the electronic wave function carries an explicit dependence on the nuclear momenta, as well as the
usual dependence on nuclear positions. In the case of vibronic transitions, the principal nen-Born
Oppenheimer (non-BO), nuclear-momentum-dependent contribution to TCD is accompanied by a less important
BO, nuclear-position-dependent contribution. For vibrational transitions within a single electronic state, the
BO contribution vanishes, leaving only non-BO, nuclear-momentum-driven TCD. In the limit of pure electronic

transitions, or vibrational transitions within a single electronic state, it is shown that electron TCD satisfies
the continuity equation for the conservation of electron transition probability density (TPD) for any pair of

stationary states. TCD is a vector field having a unique representation at each point in the Cartesian space
of a molecule. It is shown that TCD is a dynamic representation of the changes in TPD associated with
electrons in molecules under the influence of a transition-inducing perturbation and that it provides direct
visual information concerning the participation of all spatial regions of the molecule in quantum transitions.

The use of TCD provides an opportunity to view uniquely electronic motion associated with quantum

mechanical transitions in molecules.

Introduction current density must vanish at all points in space. Since most
applications of quantum mechanics to molecular systems involve
considerations of stationary states, there has been little motiva-
square of the electronic wave functibA. For electronic g(ljenctt%ﬁﬁ:nrilgﬁgsl\zﬁgicr)\ qﬁ;&iﬂ;?eszlrt]}[lu?ns sig::ir;\sr;%;gizlﬂge
transitions, it is possible to represent ttleangesin electron q )

density in terms of electron probability difference maps, and ~ Recently; we demonstrated that electron current density can
similarly, for vibrational transitions, it is possible, but not Pe defined fopairs of simple electronic orbitals in atomic and
common, to represent changes in electron probability density molecular systems. In this case, two stationary states can exhibit
with nuclear motion in terms of difference mabsAlthough electrontransition current density (TCD) associated with the
these density difference maps provide some useful information _oscnlatlons of electron_probablhty_ density that occur unde_r_ the
with regard to changes in probability density during transitions, influence of perturbations that |nQUce electronic transitions
they are only scalar fields. betwgen these two states. In 'ghls context, elect.ron current
A second, fundamental density function that can be defined density emerges as a valuable visual tool from which to learn
for every electron wave function is the electron probability More about electronic motion associated wiitansitions
current density:® The current density is a vector field, the Detween pairs of stationary states.
magnitude and direction of which are defined at every pointin  In this paper, we extend the formalism of electron TCD to
the space of the wave function. Electron current density include explicitly multielectron wave functions, vibronic detail
describes the spatial flow of electron probability that is a result in electronic transitions, and, as a special case, pure vibrational
of changes in the latter with time. Since electron probability transitions within a single electronic state. To achieve these
cannot be lost or gained in a closed system, such as a stabl@bjectives, we employ complete adiabatic (CA) wave functions,
molecule, the electron probability density is a conserved quantity defined and developed previougl§. These wave functions are
and obeys the continuity equation relating the electron prob- factored products of electronic and vibrational wave functions

By far, the most common visual representation of electrons
in molecules is the electron probability density, the absolute

ability and current density functions, in the Born—Oppenheimer (BO) sense but include the lowest-
order non-BO contribution through an explicit dependence of
_yi=9p i i
Vi = (1) the electronic part of the wave function on the nuclear momenta
at (or velocities) as parametric (classical) variables. The nonfac-

torable nature of the non-BO part of the wave function can be

Here, at every point in the space of the molecule, the negative ) ) -
recovered, whenever desired, by converting the classical nuclear

spatial gradient of the current density equals the rate of change | X 8
with time of the electron probability density. This is a momenta to their quantum mechanical form and allowing them

fundamental relationship between these two electron-densityto operate on the nuclear, vibrational part of the wave function.
functions. Including non-BO contributions is indispensable to the
For molecules in stationary states, there is no change in thedescription of electron current density induced by molecules

probability density with time, and hence, from eq 1, the electron undergoing vibrational transitions, and the CA formalism
provides a particularly appealing way to understand the interplay
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densities during vibrational motions. In particular, changes in integrating over all but the coordinates of electron 1, we have
probability density can be correlated to nuclear positions

_(dlsplacements) _and are_descrlbed Wlthln the BO approximation j )= i.[‘P;(r)V‘Pn(r) — P (1) VEXn)] (6)

in accordance with the right-hand side of eq 1, whereas current 2mi

density is induced by and correlated with nuclear velocities using _ ] ) ] )

pure non-BO contributions. The right- and left-hand sides of Since the time-independent wave functiif(r), is real, eq 6

eq 1 are then governed by BO and non-BO contributions, vanishes at .aII points in space. Given the vanishing of t.hg
respectively, and yet equal one another exactly, thereby achiev-current density and the time independence of eqs 4 and 6, it is
ing conservation of electron transition probability density. As Cclear that the continuity equation given in eq 1 is satisfied. In

shown in section Ill, the case of vibronic transitions is more Other words, for a stationary state, the probability density does
complex and it is found that both BO and non-BO contributions "0t change with time and there are no currents.

occur for the electron probability density (TPD) and TCD, albeit | N€ Situation changes entirely for a nonstationary state. The
to different degrees. simplest nonstationary state is a linear combination of two

stationary states of different energy where we assume, for

Theoretical Background simplicity, that the mixing coefficients;, are time independent.

As background for the development of expressions for This is the case forasmall perturbati_on,\_/vhich may be periodic,
vibronic and vibrational TCD, we provide general definitions PUt does not change its strength with time. We label such a
for the electron TCD and TPD functions and demonstrate that Staté With two subscripts to denote the stationary staiasd
these transition densities obey the continuity equation. In MaS
addition, we present the direct relationship between TCD and
the velocity form of the electric-dipole transition moment, the
absolute square of which is proportional to the electric-dipole
absorption intensity of the transition.

1. Definition of Transition Current Density. We define
the multiparticle time-dependent molecular wave function
associated with a nondegenerate stationary sta®

W (P o T R =W (ry, 1o, i T R) exp(—ia)ntzz) Pre(F 1) = W5 (r, )P (1, 1)

W)= P, ) +c, (1) @)

and we have, for economy, suppressed the coordinates of the
other electrons and the nuclei. The nonstationary-state electron
probability density is given by the absolute square of eq 7 and
leads to the following expressions:

2 2
=c ry+c r)+ 2c.c,On(r)cosm, & (8
where the electron positiomsare enumerated explicitly, while n Pol) o) CnOpn{1)COS@nnt - (8)

the nuclear positions are simply represented?y The tilde Here, wnm = wn — om is the frequency difference, or beat

over the wave function symbol denotes a complex quantity, frequency, between the two stationary states, and the real, time-

which, in the case of a nondegenerate stationary state, ari_seﬁ‘ndependent electron transition probability density (TPD) is
solely from its time dependence, as indicated in eq 2. The radial yofined 282

frequency is given byv, = E/h, whereE, is the energy of
staten andh is Planck’s constant divided byi2 The single- 0. (=W (r¥.(r) (9)
particle electron probability density for statds given by e meem

. Equation 8 consists of a constant part from the single-state

pn(ry, t) = f‘pﬁ(rll Moo Ry 1) X densities and a sinusoidally varying part that depends on the
W (1, Tyl R 1) dry, ..o, oy, dR (3) TPD. Both egs 8 and 9 are symmetric with respect to
interchange of indices for statesand m, and no bias toward

where we integrate the absolute square of the wave function€ither state is indicated. However, in the case of a weak
over all particle coordinates except those of electron 1. Since Perturbation of state by statem, the single-state term with
only one electronic position remains, and since all electrons areCn? in €q 8 may dropped as small.
indistinguishable, we can write the electron probability density ~ The electron current density for the nonstationary-steie
more simply as is given by

ol ) =WHr QP () =W () =p(r) @) | (0= %[li’;m(r, OVE, (r, 1) — ¥ (r, )V (1, 1)]

where we have suppressed the reference to coordinates over )
which we have integrated in eq 3. In the second part of this = 26,Codnn(F) SIN @yt
equation, we show that the electron probability density for a i .
nondegenerate stationary state is time independent, since th&/hereé we have defined the real, time-independent electron
product of the exponential time-dependent factor, given in eq transition current density (TCD) s
2, multiplied by its complex conjugate is unity. A

The single-electron current density for statés defined as Jn(r) = %[‘Pn(r)vlpm(r) -Y (V¥ (V¥ ()] (A1)

(10)

In(ru )= %f[lpﬁ(rly oo T ROV o+ V) X Although, overall, eq 10 is symmetric with respect to interchange
W (r,r Fo R, 1) — of subscripten andm, both the TCD and the_ si_nusoidal time-
- mi Ltz i T dependent factor are odd with respect to this interchange. For
Wiry ro e I ROV + V) reasons demonstrated above, the current density also has no
WHr,, Ty My R D1r, ..., Oy, AR (5) single-state time-independent terms and consists only of the
time-varying transition cross term that depends equally, but
where V1 + ... + V\) is the vector gradient operator of the oppositely, on both contributing stationary states. The TCD
electrons. As in eq 4, the time dependence vanishes, and afterepresents the magnitude and direction of the oscillating vector
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field of currents that is set in motion when statés perturbed
or mixes with statem, or vice versa

2. Conservation of Transition Probability and Current
Density. Because the probability and current densities for the
nonstationary state wave functiofq(r, t), as given in egs 8

and 10, are defined in accordance with standard quantum

mechanical definitions, eq 1 for this wave function is obeyed.
Hence, we can write the continuity equation for the conservation
of probability and current density as

0pp(rs t
Vet ) = D 12)
Using the expressions in eqs 8 and 10 we have that
=Vejonr 1) = —2¢,6,,V-3,,(F) Sinw,,t (13)
IPnT+ 1) .
o = 20 0nnOn1)SIN oo (14)

From egs 1214, we can extract the continuity relation for the
transition densities TPD and TCD defined above, namely,

_V'Jnm(r) = wmnonm(r) (15)

Nafie

the stationary statds;, when acting on the corresponding wave
function. After suppressing again the dependence on the other
electron coordinates, we can write

—V-310l1) = F(En = EDUL()Wo(1) = 0 Opef)  (19)

which verifies eq 15. We conclude that the TCD and TPD
represent, respectively, the electron transition current and
probability densities that oscillate at the beat frequency of two
coupled stationary states between which quantum mechanical
transitions can take place. Any perturbation, such as an
electromagnetic field, that is in resonance with the beat
frequency can induce transitions between the two states.

3. Relation to the Electric-Dipole Transition Moment.
We next consider additional properties of electron TCD. In
particular, we define its relationship to electric-dipole transition
moments and hence to the absorption (or emission) intensity of
electronic transitions in molecules. We consider first the
expression for the electronic contribution to the position form
of the electric-dipole transition moment

@)=~ [P erW (r) dr = —e M, (r) dr (20)

where the transition dipole density (TDD) is defined as

where we have chosen to reverse the order of the subscripts of

the beat frequency with the view that thestate is a higher-
energy perturbing state an@dm,, will represent a positive
frequency difference.

Equation 15 can be verified explicitly by developing further
the gradient of the TCD. Recalling that reference to the other

electron coordinates, over which integration is performed, has

been suppressed for simplicity, we can first write

~Vduelt) = = [(Vy F oo+ V)Tl s T Al ey O
(16)

Carrying out the gradient operation within the integrand using
the generalization of the expression for the TCD in eq 1N to
electrons yields contributions for each electron of the form

Vil = = A (F)VAW (1) — Wo(r) VA1)
an

where the two terms in which the gradient operates separately

on each wave function in the product cancel; this leaves only

the two quadratic terms. The Laplacian operators in eq 17 can
be converted to kinetic energy operators for each of the electrons

and from there to the complete Hamiltonian by adding ap-

propriate potential energy terms to the kinetic energy operators.
The potential energy terms can, of course, be removed by

cancellation of the two terms in eq 17 if desired, since the
potential energy operators commute with the wave functions.
Summing the contributions of tHé electrons in eq 17, we have
for eq 16

—V:d,.(r)=— %}f[‘lfn(rl, o T)(V2+ L+ VE) x

W (F o Ty) — W (Fg oo T)(VE+ o+ VR X

W (ry, ..,rldr, .., dy

:%f[‘Pn(rl, ca TOHW (1, Ty —
WMy, e OHW (g, 1] dry, .oy diy (18)

The Hamiltonian operator of the molecule yields the energy of

Mp(r) = Wi (nr (r) = rOp(r) (21)
Alternatively, we can write the expression for the contribution
of the electrons to the velocity form of the electric dipole
transition moment as

@)=~ [P (N)erW,(r) dr =
- [e o0 ar @2)

where a dot over a symbol refers to its classical time derivative.
The integrals in eq 22 are odd with respect to interchange of
the indicesh andm, and hence, we can write the velocity form
of the electric-dipole transition moment in terms of the TCD

(1) = S [T (1) VW (1) — W (1) V(1)) =
—ie[J,,(r) dr (23)

Comparing egs 20 and 23, we see that the electric-dipole
transition moment can be expressed in terms of either the TDD
or the TCD, both of which are vector field densities. In the
limit of an exact wave function, the position-dipole and velocity-
dipole forms of the electric-dipole transition moment equal one
another; however, there is a significant difference between the
information carried by the TDD compared to that of the TCD.
From eq 21 it can be seen that the vector field represented by
MmA(r) depends critically on the choice of the origin of the
coordinate system to whiahis referred. In particular, all the
vectors in this field are pointing radially away from the origin
of coordinates, and spatial locations in the immediate vicinity
of the origin have greatly diminished contributions (moments),
and the point at the origin obviously has no contribution. As
result, even though the dipole transition moment itself is not
origin dependent, its integrand is origin dependent.

On the other handl,(r) is not origin dependent. This vector
field depicts the velocity vector of the probability density at
individual points in space as a unique, origin-independent
representation. The general preference for the position form
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over the velocity form of the interaction of radiation with atoms 4, (¢ R) = ) + o) (09 IR )W ANRy, (27)
and molecules may be another reason for the absence of use of ~ °© ¢ F;ya * *

electron TCD, up to this point, as a visual aid to a more graphic
understanding of electronic transitions. where the superscript or superscript zero refers to evaluation

Finally, we note that TCD is a special representation of the of the electronic wave function at the equilibrium nuclear
integrand of the velocity form of the electric-dipole transition position. This permits us to write the non-BO vibronic wave
moment, one that obeys the continuity relation in eq 19. In function to first order in the nuclear coordinates as
general, the integrand of the velocity form of the electric-dipole _
moment is not the same as TCD; i.e., TCD requires two terms. We (I, R) = e, + ZZDSSAangAa%V +

, 0L

Transition Current Density in Vibronic Transitions DgsAawggbsu

In this section, we extend the theory presented above to the Z w (Pl Raa| P, (28)
case of vibronic transitions where both electronic and vibrational sy suev

quantum numbers change during a transition. We use the,;are the symbols used are

formalism of the complete adiabatic (CA) approximation, as

discussed above, to describe the vibronic wave functfoim. D° = @%(9w /oR. )00 29
this way the vibronic wave function can be augmented by the seta = BPsl(dIRna)o (29)
lowest order correction to the BO approximation using a notation 0gy 00= (Esy— Eo)/i (30)

that puts the nuclear-position and nuclear-velocity dependence
of the electronic wave function on an equal footing. Use of g the nuclear velocity operator is given by
the CA approximation also provides a convenient basis for
extending the formalism of TCD to pure vibrational transitions. - _—ih 9

1. Complete Adiabatic Wave Function. The formalism Ao |\/|_A R,
associated with the CA wave function has been described
previously?-8 In this section, we summarize the derivation of We now assume that the vibrational detail can be dropped

this wave function to provide a link between the CA approxima- from the frequency denominator in eq 28 by writingy ey =
tion and a more I’igorous treatment of vibronic transitions. In wgez (Eg — Eg)/h This allows summation over all vibrational
the CA approximation, the energy of the vibrational substructure |evels u to closure, which eliminates all dependence on the
of electronic states is ignored relative to the energy spacing excited-state vibrational wave functiongs, This in turn
between pure electronic states. The approximation is particu- removes the nuclear velocity operator from the matrix element
larly favorable for the description of the nuclear-velocity over the nuclear coordinates and allows the nuclear velocity to
dependence of the ground electronic state and for excitedpecome a parametric variable of the electronic wave function.
electronic states well separated from all neighboring electronic with these approximations, the complete non-BO vibronic wave
states. function is now factorable into a product of a vibrational wave
We begin by writing, through first-order perturbation by the = function and an electronic wave function that depends on both
nuclear kinetic energy operator, the non-BO wave function for nuclear velocity and position. Carrying out these steps leads

(1)

a vibronic state ev, to the CA vibronic wave function
W1, R) = 1(r, R)geR) — Welr, R, R) = P41, R, R)geR) = .
Ey)sqssu' TN | ¢e¢evD I RA(x
T RIg(R) (24) Yot Z > De/g| Raa T ——||dev (32)
slFev Es.— Ee 05=e Wes

where the first term is the usual BO product of the electronic The nuclear velociy, is used as a classical variable to specify
and nuclear wave functions and the second term is a perturbatiorfn€ velocities of individual nuclei in much the same way that
summation over the BO excited vibronic states su. The nuclearNuclear positions are specified in the determination of the

Since the CA wave function remains factored into electronic

1 and nuclear parts, it is as an adiabatic wave function, even
Ty=—h*y —V,2 (25) though the lowest-order non-BO contribution is included. The
2M, nonadiabatic nature of this wave function can be restored by

replacing the values of the nuclear velocities by their quantum
In the present context, the most important contribution to the mechanical operators, which then operate on the nuclear
perturbation matrix element is the cross term that couples the (vibrational) wave functions. The use of nuclear velocity
electronic and nuclear motions, and this is given by derivatives has also been used in a closely related, alternative

development of the theory of vibrational circular dichroism by

1 9 9 Buckingham and co-workef$:11
WD) ThI Y Doy = _hZZ_H(S — weﬂ]}su — qbeVD The first two terms in square brackets in eq 32 represent the
aMa— 10R IR, zeroth- and first-order BO expressions for the electronic wave

(26) function. The last term is the CA, non-BO term that depends

classically on the nuclear velocities. This term is imaginary

where o refers to a summation over the Cartesian vector and leads to a complex electronic wave function in the same

components, y, andz. The nuclear position dependence of way that the perturbation of a molecule with a magnetic field
the BO electronic wave function can be written as a sum over creates electron currents described by a complex wave function.
states as If the nuclear velocities are replaced by their quantum mechan-
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ical operators, the molecular wave function becomes real again

but is no longer adiabatic in the sense that it is not factorable
into electronic and nuclear parts.

2. Complete Adiabatic Vibronic TCD and TPD Expres-
sions. For a transition between states ev ahd,ave consider

Nafie

Oev,év’(r) = Ogé(r) %ev'qse’v’[H_ Z[ Z Dgé,Aaogs(r) +
o SZ€

z DgeAaOg’s(r )] |Hsevl RA(X | ¢efv’ [+
e

. . ==
the nonstationary-state wave function 0 0 0 0
Dee aaOedl) Dse.aaOes(r)

0
Weg

W, w0 R R ) = W, R, R) expl—iwgt) + (e |iRy | Pev [} (40)

Ce’v’lpe’v’(r! R, R) exp(_iwe’v't) (33)

al| sz€ sZe

Weg

and where the pure electronic TPD is given simply by
which is a linear combination of the two participating stationary

states and whose mixing coefficients are time-independent, or
changing very slowly on the time scale of the transition
frequencies. The expression for the single-electron time-
dependent current density is obtained by substitution of eq 33
into eq 10:

05N = vaNye(r) (41)

From these expressions, it can be seen that in eqs 36 and 40
the BO nuclear-position-dependent terms contribute with op-
posite relative signs compared to the non-BO nuclear-velocity-
dependent terms. For the TCD in eq 36, the non-BO terms
reinforce and the BO terms tend to cancel, while the reverse is
the case for the TPD in eq 40.

The relative sizes of thmdizidual BO and non-BO contribu-
tions, apart from their relative signs as just discussed, are
where we integrate over the nuclear coordinates to obtain aapproximately the ratio of the energy spacings of vibrational
single-particle electron current density having no explicit levels v and { compared to that of electronic levels e baed
nuclear-position or nuclear-velocity dependence. Using eq 32s. This can be seen by comparing corresponding BO and non-
for the CA vibronic wave function in eq 33 and keeping terms BO terms in either eq 36 or 40 and noting that the vibrational
through first order in the nuclear positions and velocities, we matrix elements of the nuclear velocity operator carry a

. A - . - .
Jev,év’(r- t) = MI[IP;V,éV'(rv R! R, t)vqjev,ev'(rv R1 R- t) -
W, o, R R VP, ,.(r, R, R, D] dR (34)

obtain
jev,év’(r’ t) = 2CevCe’v"]ev,ev’(r)Sina)ev,ev’t (35)

where the expression for the time-independent TCD, also
defined above in egs 10 and 11, is given by

‘]ev,év’(r) = Jgé(r)@ev|¢efv’|]+ Z[ z Dge,Aans(r) -
o =€

Z DgeAa‘]gs(r )] |jbev| RAu|¢e’v’ H
sZe

gé,Aa‘]gs(r) DgeAa‘]g's(r)
2
0
w

sze

@ev| i RA(X'¢9'V' (36)

b :

s€ se

and where the pure electronic TCD is given in accordance with
the general definition in eq 11 as

h

——[pdAr)Vpd(r) — wa(r)Vydr)]

2m (37)

Jge(r) =

vibrational frequency dependence relative to the corresponding
matrix element of the nuclear position operator (see eq 49
below). Thus individual non-BO terms are smaller than the
corresponding BO terms unless the electronic energy level
spacing approaches the spacing of vibrational levels. This is
the standard criterion for the breakdown of the BO approxima-
tion. However, the net relative importance of these terms in
these expressions depends on whether the probability density
or the current density is being calculated. In the case of
probability density, the BO terms tend to dominate and for
current density, the non-BO terms are generally more important.
As shown below, in the limiting case of vibrational transitions,
the TPD to first order depends only on BO terms whereas the
TCD depends only on non-BO terms.

3. Conservation of Probability and Current Density. The
conservation equation for TCD and TPD is satisfied in the
general case of a vibronic transition between states ev'ahd e
as given by the wave function in eq 33, before approximations
are invoked, by direct analogy to eqs¥5. Conservation also
holds for pure electronic TCD and TPD given by eqs 37 and
41, respectively, for the same reason. Exact conservation is
not apparent in the case of vibronic transitions using vibronic
wave functions approximated by first-order perturbation theory
and in the more special case of the CA approximation.

The corresponding expression for the time-dependent electronAlgebraic complexities arise when two quantum numbees)d

probability density is given by

pev,év'(ra t) = quzv,év’(rv R, R, t)lpev,év'(ra R1 Rv t) dR (38)

from which, after substitution of eqs 32 and 33, we obtain the
following expression for the time-dependent electron probability
density

pev,év'(r! t) = ZCevCe’v’Oev,év’(r)Coswev,év’t (39)

v, change independently, leading to more than one harmonic
frequency and more than one transition matrix within the same
expressions for TPD and TCD. As we show below, the exact
algebraic conservation is restored for the case of pure vibrational
transitions where the electronic quantum number does not
change.

Transition Current Density in Pure Vibrational
Transitions

An important limit of the TCD and TPD expressions for a
vibronic transition is the case of pure vibrational transitions

where the time-independent TPD, also defined in eqs 9 and 10within a single electronic state. If statéis set equal to e,

above, is given by

then from eqs 36 and 40 the expressions for pure vibrational
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TCD and TPD, respectively, are given by

Dgepaded)
Sl =25 |3 =
o | sZe w

se

@ev| [ Iiontmse\/D (42)

Oey eulr) = 2Z[ZDSEMOSSU)] BeRelPes D (43)
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we can write eq 47

—V ev,év’(r =
_4Cevce\/ wev,evz

,0L

[Z DgeAaogs(r )] Eﬁev' RAa|¢ev Bin wev,év’t
sZe
(51)

in exact equality with eq 48 and hence verifying the continuity

From these equations it is clear that electron TCD associatedeguation in eq 44.

with nuclear, vibrational motion is governed solely by non-BO

nuclear velocity contributions and that the corresponding TPD Discussion

is governed by BO nuclear position contributions. This means

that pure vibrational TCD is induced by nuclear velocities and
formally lies outside the BO approximation but that the
redistribution of probability density due to nuclear displace-

For bound, stationary states of molecules, there are nonzero
electron probability densities as well as changes of probability
densities between two different stationary states. On the other
hand, as we have shown, the electron current density vanishes

ments, and caused by the TCD, is described within the BO at every point in the space of the molecule for a single bound

approximation.
1. Conservation of Vibrational Electronic Current Den-

stationary state. This fact has prevented extensive use of
electron current density for visualizing the nature of unperturbed

sity. We can demonstrate the close relation between nuclear-glectronic and vibrational states in molecules.

velocity-induced electron current density and nuclear-position-

The limitation is circumvented if we consider two-state

induced changes in electron probability density through the properties associated with the coupling of two stationary states

application of the continuity equation given in general terms
by eq 12. For pure vibrational transitions we have

8pev,e\i(r ’ t)

p (44)

=V ev,e\?(r )=

by a perturbation. In this case, the two states beat against one
another at their difference frequency, setting up nonzero time-
dependent oscillations of both electron probability density and
electron current density. We have defined the time-independent
amplitude of these probability and current density oscillations
as the transition probability density, TPD, and the transition

where the time-dependent densities from eqs 35 and 39,¢yrrent density, TCD, respectively.

respectively, are given by

jev,ev(rv t) =
Déepaded)| ,
4Cevce\/z z |33ev||RAon|¢e\/|3m wev,evt (45)
Lo | sZe Wee
pev,ev(ri t) =

4'Cevce\/ Z [ Z DgeAuOgs(r )] |ﬂﬁev| RAu|¢e\/ |]:C)SG)ev,e\it (46)
0L SZe

Applying the negative gradient to eq 42 and the time-derivative
to eq 43, we obtain
=V ev,év'(r! )=
0 0
DseAaV"]es(r)

R

.| S¥€ wse

Qsev' i RA&'¢EV|3in 6Uev,év’t
(47)
8:‘7ev,ev'(ra t)

ot
_4Ce\pe\/wev,evz
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sZe
(48)

and if we convert the velocity form of the vibrational integral
in eq 47 to the position form using the well-known hypervirial
equation

ljsev' RAO.|¢G\/ U= iwev,e\?mﬁev| RAu|¢ev U

and use the continuity equation for pure electronic TCD and
TPD, given in general form in eq 15, namely,

(49)

—V-33(1r) = weO%r) (50)

In this paper we have extended the theory of electron TCD
and TPD to molecular transitions involving nuclear motion in
vibronic transitions, in general, and pure vibrational transitions,
in particular. The theory of TCD and TPD in vibronic
transitions is carried out through first order in nuclear displace-
ment and momentum (velocity), and it is found that both BO
and non-BO terms contribute, although differently, to both the
TPD and TCD. For pure vibrational transitions, this mixing of
BO and non-BO contributions gives way to only BO terms for
the TPD and non-BO terms for the TCD. One of the most
pleasing results of the theory of TPD and TCD for pure
vibrational (nuclear) transitions within a single electronic state
is the way the pure BO contributions in TPD join forces with
the non-BO contributions in TCD to satisfy exactly the
continuity equation for the conservation of charge and current
density. In the present formulation, the vibrational TCD is
composed of an energy-weighted sum of the product of the
vibrational coupling integral and the pure electronic TCDs of
the excited states of the molecule.

The derivation of TCD and TPD through time dependent
expressions for the electron probability density and current
density, respectively, eqgs 8 and 10, reveals a fundamental
relationship between these two density functions. Both are
associated with the internal oscillations that take place in a
nonsteady stationary state comprised of two stationary states.
They occur in- and out-of-phase (sine and cosine) with respect
to one another during the quantum beat oscillations. The TPD
is associated with the extremes of electron probalidiiplace-
mentaway from equilibrium and the TCD is associated with
the extremes of electron probabilitglocity, or current density,
at the zero displacement position. TPD is the static representa-
tion of the oscillation and TCD is the dynamic representation.

This description of densities oscillating in- and out-of-phase
is most clear for vibrational transitions where the TCD represents
the electron current density that follows the nuclear velocities
and similarly TPD that follows nuclear displacements. Each is
out of phase with respect to the other in a cycle of harmonic



7832 J. Phys. Chem. A, Vol. 101, No. 42, 1997 Nafie

motion at the transition frequency. The analogy carries over and product molecules. For electron transfer reactions, the
clearly to pure electronic transitions where the electron TCD is transition current density associated with this single quantum
a vector field representing the dynamics of the oscillation of mechanical process can be visualized using this formalism. In
electron probability for electronic transitions in the same way cases where long-range electron transfer in biological molecules
that electron currents follow nuclear velocities during the motion occurs as a single quantum mechanical transition, TCDs may
associated with vibrational transitions. Since there is no be calculated from the initial and final states to visualize this
restriction on the pairs of states that can be represented withprocess and thereby to gain a better understanding of the relative
TCD, it should be possible to view the oscillations associated importance of various “electron pathways”. This topic has been
with higher level vibrational transitions, such as overtones and considered with the objective of calculating the probability of
combination bands. It may also be interesting to view the transitions between initial and final state wave functions, but
electron TCDs associated with vibronic transitions in which electron pathways were not explicitly considetéd® An
there are changes of both electronic and vibrational quantumalternative approach is to use path integral simulations to
states. calculate the behavior of an excess electron propagated through
Although we have not done so in this paper, it is straight- 7-Orbitals as a means to understanding long-range electron
forward to extend the concept of TCD to the motion of the nuclei transfer in biological moleculés.
as well. For vibrational transitions, this would just lead to A related application of TCD is to visualize the electronic
representations of nuclear velocity vector fields that would take and vibrational motion of electrons in molecules that conduct
into account the quantum description of the location of the nuclei current. Examples are conducting organic crystals or
in molecules. The nonzero nuclear vector fields would be highly polymers”1 and chemical switches that permit the flow of
localized and would coincide closely with the classical positions electronic excitation from one part of a molecule to anotfer.
and velocities of the nuclei. TCD can also be considered as a visual, theoretical tool in the
In section 3 of the Transition Current Density in Vibronic €merging field of molecular electronics where molecular frag-
Transitions section, we pointed out that the integral of the TCD MeNtS can serve as electronic components, such as molecular
is closely related to the velocity electric-dipole transition Switches® and wires:! in the fabrication of molecular level
moment between the two quantum states. It is important to €nsembles of devices of various kinds.
realize that TCDs are nonzero and well-defined for any pair of )
quantum states whether or not the transition between the twoConclusions

states is electric-dipole allowed. If it is electric-dipole forbidden,  \we have shown that the theory of TCD and TPD in molecules
then the integral over space of the TCD vanishes by symmetry, can be extended to include vibrational motion. For vibronic
but nevertheless, strong TCD throughout the molecule can betransitions, the theory is relatively complex and involves the
calculated and plotted to see the nature of the electron oscillatoryappearance of both BO and non-BO contributions to the TPD
currents for higher multipoles that are set in motion due to the gng the TCD. For pure vibrational transitions, the theory
coupling of the two states. simplifies such that, to first order in the nuclear position and
The use of TCDs to visualize the vector fields associated with momentum, only BO terms contribute to the TPD and only non-
electron currents set up during transitions in molecules is a BO terms contribute to TCD. Through the continuity equation
powerful new approach to understanding the dynamic naturewe see that TPD and TCD are nuclear-static and nuclear-
of electronic motion in all classes of changes of molecular dynamic densities associated closely with the oscillations of
quantum states. The simplest examples are changes in purelectron densities during vibrational motion. These two types
electronic states, vibronic states, pure vibrational states, rota-of oscillation are out of phase, since the oscillations of TPD
tional states, and so forth for similar combinations of changes peak at the extremes of nuclear displacement, and are correlated
of quantum state. with nuclear displacements, whereas the TCD peaks at the
We have carried out calculations of TCD for pairs of pure equilibrium nuclear positions where the nuclear velocities are
electronic statéd and pure vibrational staté3. Besides the  at their maxima.
expected current densities associated with the principal allowed TCD is a unique, fundamental way to visualize vector fields
nature of the transition, for example or z-allowed electric associated with all classes of transitions between stationary
dipole transitions, there are interesting current effects off the quantum states in molecules. It appears, therefore, that the
main current path, which by symmetry may integrate to zero potential for TCD to aid our understanding of the electronic
when calculating a molecular transition property, such as motions during such changes of states molecules is quite high.
electric-dipole absorption strength. Another interesting effect, This potential is further enhanced by the rapidly growing power
particularly in transitions with some magnetic-dipole character, of computational chemistry to provide detailed views of electron
is the current density associated with the circulation of charge probability and current density in molecules.
density. Since circulation need not lead to changes in TPD,
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